I.. Introduction {#sec1}
================

Much research for iterative image reconstruction (IIR) in computed tomography (CT) has focused on exploiting gradient magnitude image (GMI) sparsity. Several theoretical investigations have demonstrated accurate CT image reconstruction from reduced data sampling employing various convex optimization problems involving total variation (TV) minimization [@ref1]--[@ref2][@ref3][@ref4][@ref5][@ref6]. Many of these algorithms have been adapted to use on actual scanner data for sparse-view CT [@ref7]--[@ref8][@ref9][@ref10][@ref11][@ref12] or gated/dynamic CT [@ref7], [@ref13]--[@ref14][@ref15][@ref16][@ref17]. While the volume of work on this topic speaks to the success of the idea of exploiting GMI sparsity, TV minimization is not the most direct method for taking advantage of this prior.

The most direct measure of sparsity is totaling the number of nonzero pixels in an image. Mathematically, the number of nonzero components of a vector can be expressed as the $\documentclass[12pt]{minimal}
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For tomographic X-ray imaging, the idea of exploiting nonconvex $\documentclass[12pt]{minimal}
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Despite the interest in TV-based IIR for CT over the past few years, the undersampling allowed for CT by TV minimization has only recently been quantified [@ref5]. The aim of this article is to develop accurate solvers for nonconvex $\documentclass[12pt]{minimal}
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}{}${\rm T}p{\rm V}$\end{document}$ minimization and to quantify further reduction of the number of projections needed. Although the primary interest here is in ideal theoretical image recovery, we also apply the same algorithms to a realistic simulation of a breast CT in order to demonstrate that the presented algorithms are robust against noise and may prove useful for actual use with CT scanner data. [Section II](#sec2){ref-type="sec"} provides theoretical motivation for nonconvex optimization; [Section III](#sec3){ref-type="sec"} presents the IIR algorithms for $\documentclass[12pt]{minimal}
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II.. Motivation for Nonconvex Optimization for Exploiting Sparsity in IIR {#sec2}
=========================================================================

We write the CT data model generically as a linear system$$\documentclass[12pt]{minimal}
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}{}${\bf g}\in\BBR^{M}$\end{document}$ is the data vector containing the estimated projection samples. The model can be applied equally to 2D and 3D geometries, and we note that there are many specific forms to this linear system depending on sampling, image expansion elements, and approximation of continuous fan- or cone-beam projection.

We focus on CT configurations with sparse angular sampling, where the sampling rate is too low for [(2)](#deqn2){ref-type="disp-formula"} to have a unique solution. In this situation, there has been much interest in exploiting GMI sparsity of the object to narrow the solution space and potentially obtain an accurate reconstruction from under-sampled data. The formulation of this idea results in a nonconvex constrained optimization:$$\documentclass[12pt]{minimal}
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}{}$\ell_{0}$\end{document}$-norm in [(3)](#deqn3){ref-type="disp-formula"} counts the number of non-zero components in the argument vector; and $\documentclass[12pt]{minimal}
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The optimization problem in [(3)](#deqn3){ref-type="disp-formula"} does not lead directly to a practical image reconstruction algorithm, because, as of yet, no large scale solver is available for this problem. Also, the equality constraint, requiring perfect agreement between the available and estimated data, makes no allowance for noise or imperfect physical modeling of X-ray projection. In working toward developing a practical image reconstruction algorithm, different relaxations of [(3)](#deqn3){ref-type="disp-formula"} have been considered. One such relaxation is $$\documentclass[12pt]{minimal}
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}{}$p=1$\end{document}$, which corresponds to TV minimization. This, on the one hand, maintains some of the sparsity seeking features of [(3)](#deqn3){ref-type="disp-formula"} and, on the other hand, leads to a convex problem, which has convenient properties for algorithm development. For example, a local minimizer is a global minimizer in convex optimization.

Another interesting option for GMI sparsity-exploiting image reconstruction is to consider [(4)](#deqn4){ref-type="disp-formula"} for $\documentclass[12pt]{minimal}
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}{}$p\rightarrow 0$\end{document}$; the catch, however, is on the algorithmic side where one has to deal with potential local minima, which are not part of the global solution set. Despite this potential difficulty, practical algorithms based on this nonconvex principle are available [@ref20], [@ref27], and gains in sampling reduction for various imaging systems have been reported for both simulated and real data cases. For X-ray tomography, use of this nonconvex strategy has shown promising results [@ref24], [@ref28], but the algorithms proposed in those works for CT are only motivated by the optimization problem in [(4)](#deqn4){ref-type="disp-formula"} and are not accurate solvers of this problem. An accurate solver is important for theoretical studies of CT image reconstruction with under-sampled data and may also aid in developing algorithms for limited-data tomographic devices.
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==============================================================

In order to address constrained minimization problems such as the one in [(4)](#deqn4){ref-type="disp-formula"}, the optimization problem is frequently converted to unconstrained minimization essentially by considering the Lagrangian of [(4)](#deqn4){ref-type="disp-formula"}:$$\documentclass[12pt]{minimal}
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We start by rewriting [(4)](#deqn4){ref-type="disp-formula"}, using an indicator function to encode the constraint:$$\documentclass[12pt]{minimal}
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A.. Algorithm Derivation and Pseudocode {#sec3a}
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The CP algorithm is designed to solve the following primal-dual pair of optimization problems:$$\documentclass[12pt]{minimal}
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The reweighting program for solving [(23)](#deqn23){ref-type="disp-formula"} is listed in [Algorithm 3](#alg3){ref-type="algorithm"}, where the only differences in the listing appear at lines 10 and 12. For clarity, the component scalar images of the vector-valued weight images are written out at line 10, assuming a 2D gradient operator. Extension to 3D is straightforward. For convergence checking, we have $$\documentclass[12pt]{minimal}
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IV.. System Specification and Parameter Tuning {#sec4}
==============================================

Two linear transforms are important for the present theoretical studies on CT image reconstruction from limited projection data: the system matrix $\documentclass[12pt]{minimal}
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[Fig. 2](#fig2){ref-type="fig"} plots the various convergence metrics and the image RMSE for 1,000 iterations of [Algorithm 2](#alg2){ref-type="algorithm"} with $\documentclass[12pt]{minimal}
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The top panel of [Fig. 2](#fig2){ref-type="fig"} indicates the value of cPD multiplied by the iteration number. This plot is shown this way because cPD can be either negative or positive as it approaches zero, and multiplication by the iteration number helps to indicate the empirical convergence rate of this metric for different values of $\documentclass[12pt]{minimal}
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V.. Phantom Recovery With Sparse-View Sampling {#sec5}
==============================================

The isolated algorithm tests for 25 view projection data indicate the possibility for accurate image reconstruction from fewer views for nonconvex $\documentclass[12pt]{minimal}
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 {#sec5z}

### 1.. Study Design {#sec5z1}

The phantom recovery study employs ideal projection data so that only the issue of sampling sufficiency comes into question. In principle, the data error parameter $\documentclass[12pt]{minimal}
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A.. Test Phantom Recovery Results {#sec5a}
---------------------------------
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VI.. Image Reconstruction With Noisy Projection Data {#sec6}
====================================================

The previous sets of results demonstrate the theoretical motivation of constrained $\documentclass[12pt]{minimal}
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}{}${\rm T}p{\rm V}$\end{document}$ minimization for image reconstruction in CT. To consider use of the above algorithms on clinical data, it is important to understand the algorithms\' response to inconsistency with the employed data model in [(2)](#deqn2){ref-type="disp-formula"}. Response to data inconsistency is important to assess, because it provides a sense of algorithm robustness and because algorithm implementation choices, equivalent under ideal data conditions, may not be equivalent in the presence of data inconsistency. The data model used in the present formulation of constrained $\documentclass[12pt]{minimal}
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}{}${\rm T}p{\rm V}$\end{document}$ minimization for the purpose of potential image quality gain, such an effort is beyond the scope of this article. Instead, in this section we present reconstructed images from simulated data including one of the most important sources of data inconsistency for the breast CT application, namely noise. Later, in [Section VII](#sec7){ref-type="sec"}, we present reconstructed images from an actual breast CT scan data set, which naturally includes all the physical factors implicitly.

In this section, the simulated projection data are generated from a data model where the system size is scaled up and noise is included at a level typical of breast CT. The breast CT model is challenging because the prototype systems are designed to function at very low X-ray intensities so that the exposure to the subject is equivalent to two-view full-field digital mammography [@ref35].

The image array is taken here to be the inscribed circle of a 512×512 pixel array with the square pixels having width 0.35 mm. The scan configuration is again circular fan-beam with the same geometry as described in [Section IV](#sec4){ref-type="sec"}, but the number of projections is 200 and the detector now consists of 1024 bins of width 0.36 mm. Noise is generated using a Poisson model with mean equal to the computed mean of the number of transmitted photons at each detector bin, where the integrated incident flux at each bin, per projection, is 66,000 photons. For the present simulations, the breast phantom is also modified in order to avoid isolated pixels of fibroglandular tissue. The phantom is generated, as before, with a power law noise distribution, but this image is smoothed by a Gaussian with 4 pixel full-width-half-maximum (FWHM) prior to binning into fat and fibroglandular tissues. No microcalcifications are modeled in the phantom. The new phantom and fan-beam FBP reconstructed images are shown in [Fig. 7](#fig7){ref-type="fig"}. Fig. 7.A breast CT simulation using linear attenuation coefficients for a 50 keV mono-energetic X-ray beam. The noise level is typical for prototype breast CT scanners. Shown are FBP reconstructions with a ramp filter and the same image after smoothing by a Gaussian of FWHM of 0.8 pixels. The FBP images serve to indicate visually the noise level inherent in the data.

The purpose of the present simulations is to illustrate in detail how realistic and challenging levels of data inconsistency impact the $\documentclass[12pt]{minimal}
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The array of images illustrates an important feature of the use of nonconvex $\documentclass[12pt]{minimal}
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Scrutinizing the nonconvex images in [Fig. 8](#fig8){ref-type="fig"}, there is a potential difficulty for the breast CT application. As $\documentclass[12pt]{minimal}
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}{}$\epsilon^{\prime}$\end{document}$ increases, the speckle noise is reduced but there also appear isolated pixels with high gray values which could potentially be mistaken for microcalcifications. In practice, these isolated peaks can be differentiated from actual structure because the latter generally involve groups of pixels. Nevertheless these specks can be distracting, and we discuss their origin and how to avoid these artifacts.
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Another approach is to realize that the purpose of the $\documentclass[12pt]{minimal}
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The quadratic reweighting algorithm has a different response to noise and other inconsistency mainly because of the parameter $\documentclass[12pt]{minimal}
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VII.. Application to Clinical Breast CT Data {#sec7}
============================================

While the simulations of [Section VI](#sec6){ref-type="sec"} illustrate the properties of the proposed IIR algorithm on a realistic simulation of breast CT, the data model used does not contain all the inconsistencies present in an actual scanner. Thus, we apply the algorithm to a clinical breast CT data set. The purpose of doing so is to first demonstrate that use of nonconvex $\documentclass[12pt]{minimal}
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The prototype breast CT scanner at UC Davis is described in [@ref37] and [@ref38]. The data set consists of 500 projection views acquired on a 768×1024 flat-panel detector with pixel size of $\documentclass[12pt]{minimal}
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To better visualize the impact of the $\documentclass[12pt]{minimal}
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With these preliminary results, we cannot yet make a recommendation for an optimal image reconstruction algorithm for the breast CT system. The results instead are intended to demonstrate the effect of the parameters $\documentclass[12pt]{minimal}
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VIII.. Conclusion {#sec8}
=================

This work develops accurate reweighting IIR algorithms for application to CT that are used to investigate sparse data image reconstruction with nonconvex $\documentclass[12pt]{minimal}
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}{}${\rm T}p{\rm V}$\end{document}$ minimization. The algorithms are efficient enough for research purposes in that accurate solution is obtained within hundreds to thousands of iterations.
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}{}$p=0.5$\end{document}$ is a small fraction larger than the number of nonzero elements of the test phantom\'s GMI. These experiments do not necessarily generalize to a rule relating number of samples to GMI sparsity, but the results are nonetheless striking especially considering that the phantom has no particular symmetry and has the complexity similar to what might be found for fibroglandular tissue in breast CT. It may not be practical to reduce the number of views to the limit of ideal image recovery, but it is important to identify this limit. With this knowledge there is the option to operate at a number of views slightly greater than the recovery limit, where there are still fewer projections than what would be needed for convex TV minimization or algorithms that do not exploit GMI sparsity.

The response to noise present in a realistic breast CT simulation is also tested along with application to an actual clinical breast CT data set. The results show that the reweighting algorithms provide images that may be clinically useful. The fact that the IIR algorithms employing nonconvex $\documentclass[12pt]{minimal}
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}{}${\rm T}p{\rm V}$\end{document}$ allows for accurate image recovery with very sparse projection data could prove interesting for fixed dose trade off studies. Namely, the operating point in the balance between number of projections and exposure per projection may be shifted toward fewer projections with the use of nonconvex $\documentclass[12pt]{minimal}
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A.. Illustration of Reweighting for Nonconvex Optimization {#app1a}
----------------------------------------------------------

For the purpose of this article being self-contained, we illustrate here a simple one dimensional example of the use of reweighting to solve a nonconvex optimization. So that there is some resemblance to the optimization problems discussed in the text, we select a constrained $\documentclass[12pt]{minimal}
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For quadratic reweighting the weights and intermediate convex optimization problem are $$\documentclass[12pt]{minimal}
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The 1D nonconvex problem, [(36)](#deqn36){ref-type="disp-formula"}, discussed here is used for illustration purposes. But there are peculiarities of this low dimensional example. For example, it is clear from both [Figs. 15](#fig15){ref-type="fig"} and [16](#fig16){ref-type="fig"} that the solution of [(36)](#deqn36){ref-type="disp-formula"} coincides with the solutions of both the weighted $\documentclass[12pt]{minimal}
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The following sections show derivations for $\documentclass[12pt]{minimal}
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This computation is more involved, and we split this up into two, defining $$\documentclass[12pt]{minimal}
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}{}$$\eqalignno{\mathop{\rm prox\kern 0pt}\nolimits_{\sigma}[F_{1}^{\ast}]({\bf y})=&\,{{{\bf y}-\sigma{\bf g}}\over{\Vert{\bf y}-\sigma{\bf g}\Vert^{2}}}&{\hbox{(57)}}\cr &\times\mathop{\rm arg\,min\kern 0pt}\displaylimits_{y^{\prime}\in[0,\infty)}\left\{\epsilon y^{\prime}+{{1}\over{2\sigma}}(y^{\prime}-\Vert{\bf y}-\sigma{\bf g}\Vert_{2})^{2}\right\}&{\hbox{(58)}}\cr=&\,\max (\Vert{\bf y}-\sigma{\bf g}\Vert_{2}-\sigma\epsilon,0){{{\bf y}-\sigma{\bf g}}\over{\Vert{\bf y}-\sigma{\bf g}\Vert^{2}}}\!.&{\hbox{(59)}}}$$\end{document}$$
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}{}$\mathop{\rm prox\kern 0pt}\nolimits_{\sigma}[F_{2}^{\ast}](\vec{\bf z})$\end{document}$:$$\documentclass[12pt]{minimal}
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}{}$$\eqalignno{\mathop{\rm prox\kern 0pt}\nolimits_{\sigma}[F_{2}^{\ast}](\vec{\bf z})=&\,\mathop{\rm arg\,min\kern0pt}\displaylimits_{\vec{\bf z}^{\prime}}\left\{\delta_{E_{\infty}(\lambda{\bf w}/\nu)}\left(\vert\vec{\bf z}^{\prime}\vert\right)+{{1}\over{2\sigma}}\Vert\vec{\bf z}-\vec{\bf z}^{\prime}\Vert_{2}^{2}\right\}&{\hbox{(60)}}\cr=&\,{\mathhat{\bf z}}\mathop{\rm arg\,min\kern 0pt}\displaylimits_{{\bf z}^{\prime}}\left\{\delta_{E_{\infty}(\lambda{\bf w}/\nu)}\left({\bf z}^{\prime}\right)+{{1}\over{2\sigma}}\Vert{\bf z}-{\bf z}^{\prime}\Vert_{2}^{2}\right\}, &{\hbox{(61)}}}$$\end{document}$$ by making the same polar decomposition substitutions as in [(51)](#deqn51-53){ref-type="disp-formula"}, because the indicator term does not depend on $\documentclass[12pt]{minimal}
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}{}${\bf z}^{\prime}$\end{document}$. The objective function of [(61)](#deqn60-61){ref-type="disp-formula"} is separable and the result of the minimization is a component-wise thresholding of $\documentclass[12pt]{minimal}
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}{}${\bf z}$\end{document}$ by the maximum value of the corresponding component of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda{\bf w}/\nu$\end{document}$:$$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$$\eqalignno{\mathop{\rm prox\kern 0pt}\nolimits_{\sigma}[F_{2}^{\ast}](\vec{\bf z})=&\,{\mathhat{\bf z}}\min (\lambda{\bf w}/\nu,{\bf z})&{\hbox{(62)}}\cr=&\,\vec{\bf z}\, (\lambda{\bf w}/\nu)/\max (\lambda{\bf w}/\nu,{\bf z}).&{\hbox{(63)}}}$$\end{document}$$ The form of the $\documentclass[12pt]{minimal}
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}{}$\mathop{\rm prox\kern 0pt}\nolimits$\end{document}$ in [(63)](#deqn62-63){ref-type="disp-formula"} is equivalent to that of [(62)](#deqn62-63){ref-type="disp-formula"}, but it is computationally more convenient because the computation of $\documentclass[12pt]{minimal}
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}{}${\mathhat{\bf z}}$\end{document}$ in [(62)](#deqn62-63){ref-type="disp-formula"} needs to avoid potential division by zero. The denominator of [(63)](#deqn62-63){ref-type="disp-formula"}, on the other hand, is strictly positive.

[^1]: Two ways to implement the use of only FOV pixels are: (1) redefine the projection and gradient matrices as $\documentclass[12pt]{minimal}
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